The energy evolution in buoyancy-generated turbulence subjected to shear depends on the gradient Richardson number Ri and the stratification number St, which is a ratio of the time scale of the initial buoyancy fluctuations to the time scale of the mean stratification. During an initial period, the flow state evolves as in the unsheared case. After this period, shear generates fluctuating velocity components for St=0.25, but it depletes the fluctuating vertical velocity component and temperature variance faster than in the unsheared case for St=4. Weak shear causes the kinetic and total energy to decrease faster than in the unsheared case, whereas strong shear adds more energy in comparison with the unsheared case. Energy increased with time in only one case considered (St=0.1 and Ri=0.04). When St>1, the nonlinearity of the flow does not become significant even when Ri is small. Thus, results from rapid distortion theory and direct numerical simulation compare well. In particular, the theory reproduces trends in the energy evolution for St>1.
I. INTRODUCTION
Even after turbulence decays in a stably stratified flow, fluctuations of active scalars, such as temperature or salinity, can remain. Gerz et al. 1 and Ramsden and Holloway 2 found that more potential energy than kinetic energy exists near dissipation scales because the rates of transfer of kinetic and potential energy differ. Flows in which scalar fluctuations indicate a previous turbulent event that has decayed have been called "fossil turbulence" ͑e.g., Woods et al., 3 Nasmyth, 4 and Gibson et al. 5 ͒. As the remnant fluctuations of potential energy adjust under the restoring force of gravity, they can generate internal waves and turbulence. If turbulence develops again from the remnant state, mixing and transport of scalars can occur. 6 Previous work on remnant potential energy focused on the existence of potential energy fluctuations after kinetic energy decayed. We investigate whether remnant potential energy can interact with the mean velocity field to regenerate the kinetic energy of the turbulence.
Effects of mean shear have been studied for stratified turbulence activated by initial velocity fluctuations ͑e.g., Rohr et al., 7 Holt et al., 8 and Jacobitz et al. 9 ͒. A key parameter for this flow is the gradient Richardson number
where S is the shear rate, the buoyancy frequency is
␣ is the thermal expansion coefficient, ⌰ is temperature, and g is the acceleration of gravity; when the stratification is stable, as in the flow studied here, the temperature gradient is positive. If the Richardson number is smaller than a "stationary Richardson number," the turbulent kinetic energy increases with time. 7 Several researchers have investigated the dependence of the flow evolution and, in particular, the stationary Richardson number Ri s on other parameters: At low Reynolds number, Ri s increases with increasing Reynolds number 8 but also depends on the shear number, 9 which is the ratio of a time scale of the large eddies and the time scale of the shear. At a higher Reynolds number, the shear number approaches a constant, and Ri s depends only on the Reynolds number. 10 Shih et al. 10 also recommended using a Froude number based on turbulence scales for studying the physics of a flow. The evolution of turbulence activated by initial potential energy fluctuations was investigated by Gerz and Yamazaki. 11, 12 For a flow without shear, Gerz and Yamazaki 11 ͑abbreviated GY͒, on which the present work is based, showed the importance of the stratification number
where l T is the integral length scale of the initial temperature spectrum and T 0 Ј is the initial root mean square ͑rms͒ temperature fluctuation. The stratification number St measures PHYSICS OF FLUIDS 18, 045104 ͑2006͒ the strength of initial gravitational collapse by comparing the length scale of the initial temperature field to the Ellison scale T 0 Ј/ ͑d⌰ / dz͒. In supercritical flow ͑StϽ 1͒, the initial potential energy fluctuations are large enough for nonlinear motions typical of turbulence to develop, and in subcritical flow ͑StϾ 1͒, the flow has features more typical of internal waves. In a preliminary study, Gerz and Yamazaki 12 added mean shear to the flows simulated by GY: Over the range of St considered, total energy always decreased after half a buoyancy period. The present work investigates the evolution of buoyancy-generated turbulence subjected to uniform mean shear. We focus on whether the shear can reenergize the flow, and we determine flow characteristics for various stratification and Richardson numbers. In particular, the growth of total energy in sheared cases is compared with that in the unsheared case. We also study the nonlinearity of the flow by comparing the results from direct numerical simulation ͑DNS͒ and rapid distortion theory ͑RDT͒. Since RDT works well when nonlinearity is weak, RDT can help identify the role of linear processes relative to nonlinear processes.
II. METHODS

A. Direct numerical simulation
The simulations are similar to those in Gerz and Yamazaki. 11, 12 Perturbation velocities ͑u 1 , u 2 , u 3 ͒ = ͑u , v , w͒ and perturbation temperature T are computed in a cubic domain. Periodic boundary conditions are used because the turbulence is homogeneous and the mean horizontal background velocity U͑z͒ and temperature ⌰͑z͒ are linear functions of the vertical coordinate z. Thus, the vertical gradients of mean velocity and temperature are constant.
The Navier-Stokes equations and the temperature equation with the Boussinesq approximation are solved in dimensionless form. Density is scaled by a reference density * , and time is scaled by the buoyancy time scale 2 / N. The temperature fluctuation is made dimensionless with the initial rms temperature ͑T 0 2 ͒ 1/2 = T 0 Ј, and lengths are scaled by the initial integral length scale of the temperature spectrum S͑k͒:
where the magnitude of the wave number is k = ͑k 1 2 + k 2 2 + k 3 2 ͒ 1/2 and S͑k͒ is the initial spectrum function of the temperature fluctuations. As a result of these scaling choices, velocities are scaled by Nl T . The nondimensional governing equations become 
The flow is governed by several nondimensional parameters. For unsheared, buoyancy-generated turbulence, GY identified the Reynolds number Re= Nl T 2 / , the Prandtl number Pr= / D, and the stratification number St, and they classified cases with StϾ 1 as subcritical and cases with StϽ 1 as supercritical. For sheared, buoyancy-generated turbulence, the gradient Richardson number Ri is also important. Because the vertical gradients of mean velocity and temperature are constant, the Richardson, Reynolds, and stratification numbers are also constant in each simulation. We kept the temperature gradient constant throughout the simulations and varied l T and T 0 Ј to obtain desired values of St and Re. The shear rate S was varied to set values of Ri.
The initial conditions for buoyancy-generated turbulence consist of zero initial velocity fluctuations and temperature fluctuations that have random phase and a spectral shape given by S͑k͒ = 16
where the magnitude of the nondimensional peak integer wave number k p is ͑8͒ 1/2 . We set Pr= 1 for all runs and Re= 57.4 for all runs except two cases with St= 0.1; in those cases, smaller Re was used so that the flow could be properly resolved. Aside from the case with St= 0.1, we studied the effect of shear on the flows that GY investigated. Values of the stratification number include subcritical ͑St= 0.25͒ and supercritical ͑St= 4͒ cases, and the Richardson number is varied over a range that allows for growth and decay of turbulence ͑Table I͒. Dissipation spectra were examined to ensure that the simulations resolve the flow adequately. All flows are simulated in a computational domain of size 4 for three buoyancy periods using a time step of 2⌬x / 3, where ⌬x is the grid spacing on a side. Details of the numerical method can be found in Gerz et al. 1
B. Rapid distortion theory
RDT applies when the time scale of the mean flow is small compared to the time scale of the turbulence. Hanazaki and Hunt 13 compared the buoyancy time scale N −1 to an eddy time scale / u and obtained a criterion for the validity of RDT in terms of the Froude number Fr= u / N. In particular, RDT applies to scales and larger when FrϽ 1. For buoyancy-generated turbulence, a similar criterion using the stratification number can be derived with a time scale based on l T . Because ͑l T / b 0 Ј͒ 1/2 is a time scale of eddies in the initial turbulence field ͑where b 0 Ј= g␣T 0 Ј͒ and N −1 is the buoyancy time scale, the stratification number can be written as a ͑squared͒ ratio of turbulence and mean time scales:
Therefore, RDT should apply to buoyancy-generated turbulence when StϾ 1. After nonlinear terms in the governing equations are neglected, the equations are expressed in terms of coordinates that follow the mean flow:
This transformation facilitates solution by Fourier methods, in which the velocities are expressed as
where k j is the wave number in the j direction and the hats denote Fourier amplitudes. After pressure is eliminated with the continuity equation, Eqs. ͑5a͒ and ͑5b͒ become
where
Spectra are computed with a discrete Fourier transform of the two-point correlations; for example,
where the plus sign superscript denotes complex conjugate and the angle brackets denote ensemble average. Equations for the spectra can be derived using ͑10͒ and ͑12͒; for example, the equation for the co-spectrum of vertical velocity and temperature is
Equations for spectra are solved numerically, and turbulence statistics are then obtained by integrating the spectra over wave number space.
III. RESULTS
The flow features observed in the DNS are presented in this section. The extent to which RDT reproduces the flow features is discussed in Sec. IV.
A. Temperature fields
The evolution of the temperature fluctuations depends on the values of St and Ri ͑Fig. 1͒. At t = 0.08, the temperature fields from the two cases resemble each other; in both cases, striations in the temperature field are inclined at approximately 45°to the flow direction. For t Ͼ 0.08 the flow with St= 0.25 continues to have vertical and horizontal structures, whereas the flow with St= 4 shows only horizontal striations like those seen in the final period of wake decay. 14 Such patterns of evolution are observed in the subcritical cases for all Ri and the weakly sheared supercritical cases.
B. RMS quantities
The evolution of the rms quantities can be divided into two phases ͑Fig. 2͒. For t Ͻ 0.25, the behavior is similar to that in the unsheared case because the buoyancy of the initial temperature field mainly drives the flow. During this phase, For t Ͼ 0.25, the evolution of the rms quantities depends strongly on St and Ri. The rms temperature continues to decrease in time in all runs with St= 0.25. The lowest Ri case shows the least decline, and the cases with no shear and Ri = 1 show almost identical reduction. The rms temperature for St= 4 oscillates for all values of Ri. When no shear is present, the period is approximately half a buoyancy period, as in GY. Somewhat surprising is that the amplitude of the rms temperature fluctuation is reduced when the background shear is increased. The rms streamwise velocity increases with decreasing Ri for flows with both St= 0.25 and St= 4 ͓Figs. 2͑c͒ and 2͑d͔͒. Like the rms temperature, the rms streamwise velocity also oscillates for St= 4, but the period is approximately twice that observed for the rms temperature.
The evolution of the rms vertical velocity resembles the evolution of the rms temperature in many ways ͓Figs. 2͑e͒ and 2͑f͔͒. Because vertical velocity fluctuations are created at the expense of the rms temperature, the oscillations for St = 4 appear with the same period as those in T, but w is out of phase with T. Like the amplitude of oscillations of rms temperature, the amplitude of oscillations in rms vertical velocity decreases as Ri decreases when St= 4 ͓Fig. 2͑f͔͒. The rms temperature and vertical velocity depend similarly on the Richardson number: Both increase with increasing shear ͑or decreasing Ri͒ for St= 0.25, and both decrease with increasing shear when St= 4. Also, for St= 4, both the rms temperature and vertical velocity reach values independent of Ri after two buoyancy periods; in all subcritical cases with finite shear, the vertical velocity and temperature fluctuations converge to a similar value.
C. Energy
Like the rms quantities, the energy also shows two phases of evolution ͑Fig. 3͒. In the initial phase ͑t Ͻ 0.25͒ when the initial density fluctuations are adjusting, the turbulent kinetic energy increases at the expense of the turbulent potential energy, which is proportional to the square of the rms temperature. During this phase, the kinetic energy in all of the sheared flows is larger than that of the unsheared flow. However, the kinetic energy and the total energy for all cases decrease after t Ͼ 0.5, for the parameter range in Fig. 3 . In fact, for flows with both St= 0.25 and 4, the kinetic and the total energy fall below those of the unsheared flow when Ri= 1.
Because nonlinearities are strongest in supercritical flows ͑GY͒ and energy increases in time in flows with low Richardson number, active turbulence for sheared buoyancygenerated turbulence should occur when StϽ 1 and the Richardson number is small. However, when St= 0.25, the kinetic energy decreases with time ͓Fig. 3͑a͔͒ even for Ri 
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Buoyancy generated turbulence Phys. Fluids 18, 045104 ͑2006͒ = 0.16, which is smaller than the value of 0.25 approached in turbulence with high Reynolds number. 8 In sheared, stratified turbulence with initial velocity fluctuations, the stationary Richardson number decreases with decreasing Reynolds number based on final values of integral scales. In buoyancygenerated turbulence, decreasing St and Ri further yields growing turbulence: When St= 0.1 and Ri= 0.04 the kinetic energy increases with time ͓Fig. 4͑a͔͒, and the potential energy decreases until it reaches a plateau after approximately one buoyancy period ͓Fig. 4͑b͔͒. In a subcritical flow, both the kinetic energy and potential energy decrease even when Ri= 0.01; whereas the kinetic energy has a larger peak value than in other subcritical cases, it eventually decreases with time. Shear never generated sustained turbulence in subcritical cases. Energy spectra illustrate the differences between weakly and strongly sheared flows. Weak shear apparently drains the energy faster than in the unsheared case. Energy spectra for a supercritical flow show that energy in the low wave numbers decreases ͓Fig. 5͑a͔͒ and the peak of the dissipation spectrum shifts from high to low wave number ͓Fig. 5͑b͔͒; thus, the energy cascade occurs as observed in decaying stratified tur-bulence. In the strongly sheared, supercritical case, low wave numbers gain energy ͓Fig. 5͑c͔͒, and the DNS resolves the relevant small scales, as the dissipation spectra show ͓Fig. 5͑d͔͒.
D. Momentum and heat flux
In supercritical flow, the momentum flux uw is downgradient ͑i.e., negative͒ and constant with time for all cases except when Ri= 1 ͓Fig. 6͑a͔͒. On the other hand, the momentum flux in subcritical flow oscillates between downgradient and up-gradient with a frequency close to the buoyancy frequency. The streamwise heat flux uT in supercritical flow either remains nearly constant or increases slightly for t Ͼ 0.5 ͓Fig. 6͑c͔͒; this feature appears in the weakly stratified, unsheared wind tunnel experiments of Lienhard and Van Atta. 15 The flux uT is approximately 0.5 at large times in both subcritical and supercritical flows, though it varies more in the subcritical case ͓Fig. 6͑d͔͒.
The behavior of the vertical heat flux depends strongly on the stratification number. In both subcritical and supercritical cases, the vertical heat flux is initially up-gradient ͑wT Ͼ 0͒ because the initial temperature fluctuations adjust ͓Figs. 6͑e͒ and 6͑f͔͒. The vertical heat flux approaches a constant in the supercritical flows with the strongest shear, but when RiϾ 0.25, oscillations appear and the flux becomes up-gradient ͓Fig. 6͑e͔͒. The subcritical flow has largeamplitude oscillations that depend very little on the Richardson number. In unsheared buoyancy-generated turbulence, the vertical heat flux changed from up-gradient to downgradient when the kinetic energy reached a maximum. With shear, however, the peak in kinetic energy occurs after the heat flux changes sign, and the delay is larger for smaller Richardson number, or stronger shear.
IV. DISCUSSION
A. Mixing states
Subcritical flows and supercritical flows with weak shear cannot sustain down-gradient heat flux. In fact, in their preliminary study of this problem, Gerz and Yamazaki 12 assumed that the oscillating fluxes resulted from shear forcing internal wave modes in near-laminar flow. For subcritical flows, the horizontal striations at large times ͑Fig. 1͒, the phase difference between w and T, and the collapse of w and T in the weakly sheared cases for t Ͼ 2 support this assumption. Further insight into the state of the flow and its ability to sustain active mixing can be obtained by examining the normalized dissipation, / N 2 . The behavior of / N 2 differs considerably between cases with St= 0.25 and St= 4 ͑Fig. 7͒. For St= 0.25, even though / N 2 decreases rapidly below 10 in the cases with no shear and Ri= 1, initially / N 2 is large in all cases. For St= 4, / N 2 remains below 10 throughout the evolution.
The normalized dissipation / N 2 has been interpreted as a measure of the range of length scales available for active mixing. This parameter is equivalent to ͑L O / ͒ 4/3 , where L O = ͑ / N 3 ͒ 1/2 is the Ozmidov scale, a measure of the smallest scale that experiences significant effects of gravitational adjustment and = ͑ 3 / ͒ 1/4 is the Kolmogorov scale, the smallest scale in the velocity field. Because motions larger than the Ozmidov scale cannot overturn, the range of length scales that can overturn is small when / N 2 is small. For example, Smyth and Moum 16 found that when / N 2 Ͼ 20 a three-dimensional turbulent flow can occur, whereas when / N 2 Ͻ 20, the flow consists mainly of internal waves. Yamazaki 17 also suggested / N 2 = 16 to differentiate a state of active mixing from one without active mixing. These criteria suggest that when StϽ 1, active mixing occurs at least initially, whereas when StϾ 1, no significant mixing should occur for all values of Ri we investigated.
Recently, Shih et al. 18 identified three regimes of energetics for a sheared, stratified flow with initial velocity fluctuations: a diffusive regime for / N 2 Ͻ 7, in which molecular diffusion controls vertical fluxes; an intermediate regime for 7 Ͻ/ N 2 Ͻ 100, in which the eddy diffusivity follows the relationship of Osborn; 19 and an energetic regime for / N 2 Ͼ 100, in which the total diffusivities are greater than 10 times the molecular diffusivity. Applied to our flow, these observations suggest that the subcritical cases and the weakly sheared supercritical cases are in the diffusive regime, and both our flow and that of Shih et al. 18 showed oscillating vertical momentum and scalar fluxes when / N 2 is small. These results support the suggestion 12 that in these cases the flow is close to laminar.
B. Energy evolution
Strong shear adds more energy in comparison with the unsheared case for both St= 0.25 and 4. The total energy in the two cases with the lowest Richardson number for St = 0.25 and the case with the lowest Richardson number for St= 4 always exceeds that from the unsheared flow ͑Fig. 3͒. However, strong shear energizes the flow in different ways depending on the stratification number, or the magnitude of the initial gravitational collapse. When the flow is supercritical ͑StϽ 1͒, strong shear energizes all velocity components ͓Figs. 2͑c͒ and 2͑e͔͒, and a three-dimensional turbulent flow is generated. However, when the flow is subcritical ͑StϾ 1͒, shear energizes only the velocity in the direction of flow, and the other velocity fields diminish according to the intensity of shear ͓Figs. 2͑d͒ and 2͑f͔͒. Shear neither generates nonlinear turbulence nor contributes significantly to mixing. As we discuss in Sec. IV C, when the flow is subcritical, nonlinearity is less important.
In contrast, weak shear plays a role in decreasing the energy. When Ri= 1 for both St= 0.25 and St= 4, initially the sheared flows have more energy than the unsheared flow, but as time passes, the total and the kinetic energies become less than that of the unsheared flow ͑Fig. 3͒. Gerz and Schumann 6 observed similar behavior in stratified turbulence with initial velocity fluctuations; flows with Ri= 0.66 and 1.32 had less total energy than their unsheared counterparts by the end of the simulation. They suggested that this unexpected behavior could be due to two mechanisms: ͑1͒ wave breaking from low Richardson number at small scales and ͑2͒ negative production of turbulent kinetic energy caused by up-gradient momentum flux. Gerz and Schumann 6 presented the larger dissipation in sheared cases as evidence for the first mechanism and the persistent up-gradient values of uw they observed for Ri= 0.66 and 1.32 as support for the latter mechanism.
Of the two mechanisms, a variant of the second is more likely to explain the faster depletion of energy in weakly sheared cases. The first mechanism is unlikely to be impor-tant, at least in the subcritical flows; as we show in Sec. IV C, the evolution of the energy for St= 4 can be explained in terms of linear processes, whereas wave breaking is a nonlinear process. The second mechanism can be evaluated by examining the budget of turbulent kinetic energy q 2 /2. For homogeneous turbulence, the turbulent kinetic energy buoyancy flux changes from a source ͑up-gradient flux, B Ͻ 0͒ to a sink ͑down-gradient flux, B Ͼ 0͒ ͓Fig. 8͑a͔͒. For Ri= 1, the production is nonzero until approximately t = 0.6; although the Reynolds stress becomes up-gradient ͓Fig. 6͑a͔͒, effects of negative production on the TKE are small. Dissipation is larger and the source of TKE from up-gradient buoyancy flux is smaller for RiϾ 1 than for the unsheared flow. The case with growing turbulence has sustained production and dissipation and active mixing for t Ͼ 1 ͓Fig. 8͑c͔͒. As Ri decreases, the source of TKE from up-gradient buoyancy flux decreases. Therefore, growing turbulence is due to sustained production, whereas the greater energy depletion in weakly sheared cases is due mainly to shear reducing the up-gradient flux and partially to increased dissipation.
C. Comparison with RDT
If the argument regarding St in Sec. II B holds, RDT should predict the flow evolution for large St. This argument is supported by the estimates of Rehmann and Hwang 20 and the low values of / N 2 for subcritical flows ͓Fig. 7͑b͔͒. In fact, RDT reproduces many features of the evolution of the rms quantities for St= 4 ͑Fig. 9͒. RDT predicts the qualitative trend in both u and w, and it captures the difference in oscillation frequency between the two components. Like DNS, RDT shows that u decreases with increasing Richardson 
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Buoyancy generated turbulence Phys. Fluids 18, 045104 ͑2006͒ number, whereas w increases with increasing Richardson number. Quantitative differences between RDT and DNS occur at this finite value of St: At later times RDT underpredicts the rms quantities for Ri= 0.01 and overpredicts u for Ri= 0.08. Early in the evolution, when the initial temperature fluctuations are adjusting under gravity, the linear theory overpredicts both velocity components. RDT also reproduces the observation from DNS that energy in weakly sheared flows is smaller than that in unsheared flow. Although RDT overpredicts the total energy slightly, the theoretical results ͑Fig. 10͒ match the DNS results ͓Fig. 3͑b͔͒ quite well. For all Ri, RDT captures the decrease in energy, the oscillations, and their frequency, and it accurately estimates the time at which the total energy of the flow with Ri= 1 falls below that of the unsheared flow. The success of RDT in predicting the energy evolution suggests that the decrease of energy in weakly sheared flows is due to linear, rather than nonlinear, processes.
V. SUMMARY
We investigated the dynamics of turbulence activated by remnant potential energy in a sheared, stratified flow. At small times, production of kinetic energy by shear is unimportant, and the flow evolves as in the unsheared case. Later in the evolution, effects of the stratification number St and the gradient Richardson number Ri become more important.
In particular, flow properties depend on whether the flow is supercritical ͑StϽ 1͒ or subcritical ͑StϾ 1͒. Only supercritical flows have active mixing, as indicated by the normalized dissipation. Also, although the rms streamwise velocity increases with increasing shear in all cases, the rms tempera- Fig. 3͑b͒ .
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ture and vertical velocity increase with increasing shear in supercritical flows but decrease with increasing shear in subcritical flows. The energy of the flow decreases in time in all cases except for one with low values of both St and Ri. Although energy in strongly sheared flows exceeds that in the unsheared flow with the same St, when shear is weak, the total energy decreases below that of the unsheared case. The flow states are summarized as a function of Richardson number and stratification number in Fig. 11 . The simulations provide further information on the energy depletion in weakly sheared flows. Although Reynolds stress can be up-gradient, effects of negative production are small. Compared to the unsheared case, shear increases the dissipation and reduces the source of turbulent kinetic energy from up-gradient buoyancy flux. Time scale arguments involving St and small values of / N 2 suggest that subcritical flow is almost linear, and rapid distortion theory reproduces many features of the evolution of rms quantities and the energy. In particular, RDT results suggest that the energy depletion in weakly sheared flows is due mainly to linear processes. FIG. 11 . Summary of flow states. The circle indicates a flow with increasing total energy. The triangles indicate flows with total energy that decreases but remains greater than that of the unsheared case with the same St. The squares indicate flows with total energy decreasing below that of the unsheared case with the same St. Lines are sketched qualitatively to separate the flow states.
